In this paper some theorems will be established concerning certain relationships between the boundary of a continuum and the components of that continuum minus its boundary. Numbered axioms and chapters herein referred to are axioms and chapters of the author's book "Foundations of Point Set Theory."1 THEOREM 1. If, in a space satisfying Axioms 0 and 1, ,B is the boundary of the compact continuum Al and, for every component D of M -3, TD is a connected point set lying in M and containing the common part of ,B and the boundary of D, and T is the sum of all the point sets TDfor all such D's, then A + T is connected.
Proof. Suppose ,B + T is the sum of two mutually separated point sets H and K. The point sets Ho fi and K * , exist and are mutually exclusive and closed. There exists a subcontinuum N of M which is irreducible from H.,3 to K*,3. The connected (-2, 0) , respectively, let S denote the sum of the straight line interval AB and all straight line intervals with one end-point at A and mid-point at a point of Q, let M denote the sum of all straight-line intervals with one end -point at A and the other one at a point of Q and let /3 denote the point set A + Q. Let 2 denote the subspace of E whose points are the points of S. In the compact space 2, the boundary of the continuum M is /3 and if D is a component of Al -then the boundary of D is the continuum D. But /3 is not connected.
That Theorem 3 does not remain true if the stipulation that M is compact is replaced by the stipulation that /3 is compact may be seen from the following example.
Example 2. In a Cartesian plane E, let 0 and A denote the points (0, 0) and (0, 2), respectively, and, for each n, let B,, denote (-l/n, 0). Let M denote the sum of 0 and the straight-line intervals AB,, AB2, AB3,.. .let K denote a semi-circle with extremities at A and 0 and containing the point (1, 1). Let S denote M + K. Let 2 denote the subspace of E whose points are the points of S. Here /3 is A + 0 and, for each component D of Proof. Suppose A and B do not lie in the same component of H. There exists a well-ordered sequence a whose terms are the points of T -(A + B + T -H), a well-ordered sequence /31 whose terms are the continua which are subsets of H, and a well-ordered sequence f2 whose terms are the continua that lie in T + H. Suppose T is not a subset of H. There exists a well-ordered sequence y such that (1) T is the first term of y, (2) each term of y is a continuum lying in T + H but not wholly in H and (3) if x is a term of y and P_ is the first point of a belonging to x and HX is the first term of 3,i which shields A + B from P. in M, TAX is the first term of #2 which is an irreducible continuum from A to HX lying in x and TBX is the first term of #2 which is an irreducible continuum from B to HX lying in x, then x is the last term of y or HX + TAx + TBX is the first term following x in 'y, according as TAX + TBX is, or is not, a subset of H, (4) if y' is a wellordered proper subsequence of 'y with no last term and -y' has, as one of its terms, each term of y which, in -y, precedes a term of y', then the limiting set of the sequence yy' is the first term of y which, in 'y, follows all the terms of 'y', unless this limiting set is a subset of H in which case y' is -y.
Let YT denote a well-ordered sequence such that (1) x is a term of 7T if, and only if, x is the common part of T -T-H and some continuum which is a term of -y, (2) x precedes y in YT if, and only if, there exist terms x' and y' of y such that x = x'* T and y = y'. T and x' precedes y' in 'y. Let yE denote a well-ordered sequence described in exactly the same manner except for the substitution of 'y for YT and of H for T-T*H. Let Q, QT and QH denote the limiting sets of y, z'T and yH, respectively. It may be seen that Q = QT + QH-Suppose QT is not a subset of H. Every term of 'YT contains every one that follows it and therefore QT-H QT is the common part of all the point sets of this sequence. Let P denote the first point of QT in the sequence a. Let w denote a subsequence of y such that x belongs to w if, and only if, it contains a point that precedes P in a. The second term of -y that follows every term of w exists but does not contain P. This involves a contradiction.
Theorem 6 does not remain true if the stipulation that, for each point P of T -(A + B + T.H) there is a continuum lying in H and shielding A + B from P is replaced by the stipulation that for each such point P there is a continuum lying in H and intersecting every subcontinuum of M which intersects both P and A + B. Consider the following example. Example 3. In a Euclidean plane, let M denote a compact indecomposable continuum and let A and B denote points belonging to different composants of M. Let H denote A + B. If P is a point of M -H, M is an irreducible continuum either from P to A or from P to B. In the first case, B intersects every subcontinuum of M that intersects both P and A + B.
In the second case, A intersects every such continuum. But no component of H contains both A and B.
The following theorem may be easily proved with the assistance of Theorem 6. There exists a domain I containing H such that I *K *D = H and I (/3 + S -M) is vacuous. There exists a subcontinuum T of K lying in I and intersecting both N and S -I. The point set T is a connected subset of K intersecting N but not lying wholly in it. Hence it is not a subset of D. But it is a subset of M -/ and it contains a point of D. This involves a contradiction.
Theorem 8 does not remain true if the stipulation that M-K is compact is replaced by the stipulation that D is compact and that M is identical with K. Consider the following example.
Example 4. In a Cartesian plane E, let A and D denote the points (0, 2) and (0, 1) and, for each n, let Bn denote the point (-l/n, 0) and let AB. Example 5. In a Cartesian plane E, let M denote the set of all points (x, y) such that either -l/x2 < y < l/x2 or x = 0 and let K denote the set of all points (x, y) such that either x = 0 or y = (2 sin 1/x2)/x2. Example 7. In a Cartesian plane E, let A, A1 and A2 denote the points (0, 4), (0, 1) and (0, 3), respectively and, for each n, let Bn denote (-1/n, 0) and let ABn denote the straight-line interval whose extremities are A and Bn. Let T denote a semi-circle passing through (1, 2) and with its extremities at A, and A2. Let The following theorem may be established by an argument differing slightly from that given to prove Theorem 12 of Chapter IV of the author's "Foundations of Point Set Theory."1 THEOREM 1. If, in a space satisfying Axioms 0-5, H and K are two mutually exclusive closed and compact point sets and L is a closed point set VOL. 28, 1942 
